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Melting kinetics of polycrystalline materials is analyzed on the basis of a new model which explicitly
couples homogeneous and heterogeneous melting mechanisms. The distinct feature of this approach
lies in its ability to evaluate not only grain-size-distribution effects on the overall melting kinetics
but also competitions between the two melting mechanisms. For the first time, we reveal the three-
part structure of temperature-time-transformation diagrams for melting of polycrystalline materials,
through which it is possible to determine a critical temperature across which the dominant melting
mechanism switches. The critical temperature increases as the mean-grain-diameter decreases following
a negative power-law. The results are qualitatively consistent with experimental observations.
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I. INTRODUCTION
Melting is one of the most important phase transformations in materials science and engineering. There
are commonly two mechanisms of melting: homogeneous melting and heterogeneous melting. The former is
related to randomly nucleation and growth of the daughter liquid phase inside bulk crystals1–3, and the latter
is characterized by motion of melting fronts initiated from grain boundaries (GBs) and material interfaces4,5.
Kinetics corresponding to these two mechanisms have been treated separately in the literature. On one hand,
homogeneous melting kinetics is commonly described by the Kolmogorov-Johnson-Mehl-Avrami (KJMA)
model6–8 and its extensions9–11. On the other hand, heterogeneous melting kinetics is investigated by modeling
the melting front velocity as a function of temperature, on the basis of thermodynamic approaches12, diffusion
theory13, thermal collision theory14 or molecular dynamics simulations5,15.
Previous melting kinetics models commonly involve only one of the two mechanisms while ignore the other,
focusing on an isolated single-crystal grain or an isolated solid-liquid interface. However, in practical scenarios,
polycrystalline materials contain amounts of grains and GBs with various shapes and sizes, and homogeneous
and heterogeneous melting would take places simultaneously. The coupling effects between the two melting
mechanisms in polycrystalline materials is still poorly understood. For example, what is the demarcation
temperature at which the contribution of homogeneous melting overweighs that of heterogeneous melting?
What is the temperature range in which the two melting mechanisms make comparable contributions? These
questions are not well addressed due to a lack of suitable melting kinetics models.
Here, we propose a new kinetics model which explicitly couples the contributions of both the two melting
mechanisms to better understand melting kinetics of polycrystalline materials. The model allows to investigate
effects of grain-size-distribution (GSD) on the overall melting kinetics. More importantly, we show that
through the three-part structure of the temperature-time-transformation (TTT) diagrams, one can clearly
reveal competitions between the two melting mechanisms. It leads to prediction of a critical demarcation
temperature at which the dominant melting mechanism switches. The dependence of the critical temperature
on mean-grain-diameter (MGD) is calculated.
II. MODELING EQUATIONS
Polycrystalline materials comprise of amounts of grains with various shapes and sizes. Firstly, we concern
the melting kinetics of an isolated grain. To simplify modeling, we approximate the melting kinetics of an
isolated polyhedral grain by that of a sphere grain with the same volume. For a sphere grain, we assume that
the heterogeneous melting front is a spherical surface shrinking from the outer GB towards the center.During
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dynamical melting, the grain is divided into two domains: an outer hollow sphere and an inner sphere. The
outer hollow sphere represents the domain which has been swept by the moving melting front initiated from
the GB and is fully melted. The inner sphere is partially melted due to randomly nucleation and growth of
liquid phase (homogeneous melting). Based on this scenario, the melting kinetics of an isolated grain with
grain diameter D is represented by
η(t;D) = 1− d(t;D)
3
D3
(
1− χ(t)
)
(1)
where η(t;D) is the overall liquid fraction of the grain at time t, d is the diameter of the inner sphere, χ is
the liquid fraction in the inner sphere. The heterogeneous melting kinetics is modeled as d˙ = −2Ufront where
Ufront is the melting front velocity, which is a function of temperature in the following form
15,16, Ufront =
aU
√
3kBT
Matom
[
exp
(
bU
∆Hm
kBTm
T−Tm
T
)
− 1
]
, ∀T > Tm, where aU, bU are material constants and ∆Hm is the melting
enthalpy. Under isothermal conditions, Ufront keeps constant. Provided initial condition d(0;D) = D, we
obtain
d(t;D) =
D − 2Ufrontt, ∀ t < D/2Ufront;0, ∀ t ≥ D/2Ufront. (2)
For the homogeneous melting in the inner region, we adopt the widely accepted KJMA model9–11:
χ(t) = 1− exp
(
−K4t4
)
(3)
where K =
(
(pi/3)IhomU
3
)1/4
is referred to as the overall KJMA rate constant, Ihom is the homogeneous
nucleation rate and U is the growth velocity. It has been shown that liquid-solid interfaces formed through
randomly nucleation in crystals propagate approximately like a macroscopically flat liquid-solid interface17.
Thus, we assume U = Ufront. According to the classical nucleation theory, the homogeneous nucleation
rate is Ihom = kBT/~Vatom exp
(
−Q/kBT − 16piγ3sl/3kBT ·
(
∆Hm · (1− T/Tm) + ∆E
)2)18,19, where kB is the
Boltzmann’s constant, ~ is the Planck’s constant, γsl is the solid-liquid interface energy, Vatom is volume per
atom, Tm is the equilibrium melting temperature, ∆Hm is the fusion enthalpy change, Q is the activation
energy for atomic diffusion in the crystal lattice, ∆E = 18µKε2m/(4µ+3K) is the strain energy density related
to the hydrostatic eigenstrain εm corresponding to volume change during melting, µ is the shear modulus,
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and K is the bulk modulus. By taking Eq. (2) and Eq. (3) into Eq. (1), we obtain
η(t;D) =

1− (D − 2Ufrontt)
3
D3
exp
(
−K4t4
)
,
∀t < D/2Ufront;
1, ∀t ≥ D/2Ufront.
(4)
Eq. (4) fully defines the melting kinetics of an isolated crystal involving both homogeneous and heterogeneous
melting mechanisms.
The overall melting kinetics of plocrystalline aggregates depends on the grain-size-distribution (GSD).
Here, we use the Weibull distribution to describe the GSD20,21. The Weibull probability density function is,22
f(D) =
k
λ
(D
λ
)k−1
exp
(
− (D/λ)k
)
,∀D ≥ 0. (5)
where k is known as the shape parameter and λ is the scale parameter which is related to the mean-grain-
diameter (MGD) D¯ through λ = D¯/Γ(1 + 1/k) where Γ is the gamma function. And the nth raw moment
of the Weibull distribution is Mn =
+∞∫
0
f(D)Dn dD = λnΓ
(
1 + n
k
)
. Based on the Weibull GSD, the overall
transient liquid fraction ζ¯(t) is
ζ(t) =
+∞∫
0
f(D)D3η(t;D) dD
+∞∫
0
f(D)D3 dD
= 1−
exp
(
−K4t4
)
M3
×
+∞∫
2Ufrontt
f(D)(D − 2Ufrontt)3 dD (6)
Eq. (6) defines the melting kinetics model for polycrystalline materials which explicitly couples the homoge-
neous and heterogeneous melting mechanisms, with GSD directly incorporated. We refer this melting kinetics
model as the coupled-homogeneous-heterogeneous (CHH) model for polycrystalline materials. It can be proved
that lim
D¯→+∞
ζ(t) = lim
λ→+∞
ζ(t) = 1−exp
(
−K4t4
)
≡ ζKJMA(t). Thus, in the limit of infinite mean grain size, the
CHH model exactly reduces to the KJMA model. The CHH model is more general than the KJMA model and
remains applicable for finite-grained materials where heterogeneous melting is more important. On the other
hand, if homogeneous melting is artificially suppressed by settingK = 0, then the CHH model reduces to a pure
heterogeneous melting kinetics model (the HET model): ζHET(t) = 1− 1/M3×
+∞∫
2Ufrontt
f(D)(D− 2Ufrontt)3 dD.
TABLE I. Material parameters for melting kinetics of polycrystalline Al.
aU bU εm µ(GPa) K(GPa) Q(ev) ∆Hm(kJ/mol) γsl(J/m
2) Tm(K)
0.206 5.28 0.02 26 76 1.48 10.7 0.108 933
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Fig. 1. Effects of GSD on melting kinetics under constant temperature T = 1128 K. (a) Plots for fixed
D¯ = 0.1 cm and various k; (b) Plots for fixed k = 2.5 and various D¯. In (b), the solid lines are predictions
of the CHH model; The dashed lines are predictions of the HET model. In the case of D¯ = +∞, the CHH
model is equivalent to the KJMA model.
III. APPLICATIONS
We apply the model to study melting process of superheated polycrystalline Al (pc-Al). The parameters
for the model are provided in Table. I. The parameters aU and bU are taken from Ref.
16 and other parameters
are taken from Ref.23. In calculations, the infinite integral in Eq. (6)is approximated by
+∞∫
2Ufrontt
f(D)(D −
5
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2Ufrontt)
3 dD ≈
D0.99999∫
2Ufrontt
f(D)(D−2Ufrontt)3 dD where D0.99999 is the 0.99999 quantile of the Weibull distribution.
The finite integral is then calculated numerically by cumulative trapezoid integral method.
Fig. 1 displays the liquid fraction versus time (ζ − t) plots under constant temperature T = 1128 K for
pc-Al, revealing the effects of GSD on melting kinetics. The shape parameter k in the Weibull GSD depends
on specific generation methods for polycrystalline materials. Generally, 2 < k < 320. From Fig. 1(a), melting
kinetics is insensitive to the shape parameter k. Therefore, in following analysis, we fix k = 2.5 and focus on
the effects of MGD, i.e., D¯. When D¯ = +∞, the CHH model predicts the same curve as the KJMA model.
In this case, the whole melting process include three stages. In the initial stage, the amount of growing nuclei
is small and the liquid fraction increases slowly. The melting rate (the slope of the curve) increases as the
nuclei number increases. In the latter stage, the melting rate slows down because of lack of mother solid
phase. This melting process can be summarized as a ”slow-fast-slow” three-stage process. Characteristics
of melting in polycrystalline materials with finite grain size depends on D¯. From Fig. 1(b), coarse-grained
materials (e.g., D¯ = 0.2 cm), would experience the similar ”slow-fast-slow” melting stages as predicted by
the KJMA model. Both the CHH model and HET model predict faster melting for finer-grained materials.
In cases of D¯ = 0.2 cm and 0.1 cm, the ζ − t curve of the CHH model deviates heavily from that predicted
by the HET model. As the MGD decreases, it gets closer to the HET model, indicating that heterogeneous
melting plays more important roles in finer-grained materials. During heterogeneous melting, melting rate is
proportion to the product of the area of the melting front surface and its motion velocity. The diameter of the
spherical melting front steadily decreases. As a result, heterogeneous melting rate reaches its maximum at the
very beginning and then monotonically decreases as melting progresses, different from the ”slow-fast-slow”
three-stage melting history predicted by KJMA model.
Temperature-time-transformation (TTT) diagram is an efficient approach to characterize melting kinetics
in the whole superheating regime. Fig. 2(a) compares the the TTT diagram (plots of temperature versus time
corresponding to ζ = 99% for pc-Al with D¯ = 0.1 cm, in comparisons to predictions of the KJMA and HET
models. The TTT curve for melting of pc-Al differ fundamentally from those predicted by the KJMA and HET
models. The TTT curves based on the KJMA and HET models are smooth and globally convex. However,
the CHH-based TTT curve is zigzag and nonconvex. There is a sharp turning which divide the CHH-based
TTT curve into two major branches. The lower branch well coincides with the curve of the HET model
while the upper branch well coincides with the curve of the KJMA model. This indicates that heterogeneous
melting make the overwhelming contributions below the turning part while homogeneous melting paly the
overwhelming role above the turning part. Fig. 2(b) shows an enlarged view of the turning part. From
Fig. 2(b), the turning part obviously deviates from both the KJMA-based and the HET-based TTT curves,
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Fig. 2. (a) The TTT diagram for polycrystalline Al with MGD D¯ = 0.1 cm; (b) An enlarged view of the
part near the critical turning point.
indicating a transition region where niether the heterogeneous melting nor the homogeneous melting plays
the overwhelming role. Instead, the contributions of the two melting mechanisms are comparable .
The transition part is very short comparing to the whole TTT curve. It is corresponding to a very
narrow transition temperature range in which the two melting mechanisms make comparable contributions.
When temperature is in this transition range, contributions of the two melting mechanisms are comparable.
Homogeneous melting dominates if temperature is above the transition range while heterogeneous melting
7
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dominates if temperature is below the transition range. To quantitatively probe the competitions between the
two melting mechanisms, we focus on the critical point where the curvature reaches the maximum on the TTT
curve, marked by the filled circle in Fig. 2. The tangent of the curve turns most sharply at this point, which
indicates obvious switching of the primary mechanism across the point. The temperature corresponding to
this point is referred to as the critical turning temperature and denoted as T#. For pc-Al with D¯ = 0.1 cm,
it is calculated that T# = 1131K.
Fig. 3. (a) The TTT diagrams for polycrystalline Al with different MGDs; (b) The MGD dependence of the
critical temperature, where the solid line is fitted curve of the CHH predictions through the power law.
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Fig. 3(a) compares the TTT curves of pc-Al with different MGDs. It is shown that the the turning part
and the critical temperature T# raises as the MGD decreases, which indicates that heterogeneous melting
would play the dominant role in a wider superheating temperature range for finer-grained materials. This can
be explained by analyzing competitions between the two melting mechanisms involving both MGD effects and
temperature effects. On one hand, increasing temperature would enhance the contributions of homogeneous
melting and weaken the contributions of heterogeneous melting. This is because the homogeneous nucleation
rate exponentially increases as temperature increases19, whereas motion velocity of the heterogeneous melting
front is much less sensitive to the temperature5. On the other hand, the heterogeneous melting rate increases
as MGD decreases. As a result, a higher superheating temperature are required to make contributions of
homogeneous melting overweigh that of heterogeneous melting in finer-grained materials. This explains why
the turning part and T# increases as the MGD decreases. Fig. 3(b) displays T# as a function of MGD ranging
from several nanometers to several millimeters. In this range, the dependence of the critical temperature T#
on D¯ is well-fitted by a power law: T# = a+ b
(
D¯
D¯0
)c
where D¯0 = 1 cm is a reference MGD, a, b, c are fitting
parameters. For Al, the fitting parameters are a = 1093 K, b = 26.2 K, c = −0.1638, as shown in Fig. 3(b).
Experimentally, it is rather difficult to quantitatively distinguish the melting processes inside polycrys-
tals. In limited experiments24–26, homogeneous melting was considered as the major melting mechanism at
high superheatings under ultrafast heating while heterogeneous melting was considered as the major melting
mechanism at low superheatings. These results are also supported by computer simulations5. The predictions
of the present model are qualitatively consistent with these reults.
IV. SUMMARY AND DISCUSSIONS
In summary, a new kinetics model which explicitly coupling the two melting mechanisms (homogeneous
and heterogeneous melting) is proposed to better understand melting kinetics of polycrystalline materials.
Through the model, it is possible to quantitatively analyze the effects of grain-size-distribution on the melting
kinetics as well as competitions between the two melting mechanisms. It is found that melting kinetics is
nonsensitive to the shape parameter of the Weibull grain-size-distribution but is strongly dependent on the
mean-grain-diameter. The coupled-homogeneous-heterogeneous model predicts nonconvex TTT diagrams
with a three-part structure: a lower part which is dominated by heterogeneous melting, a upper part which
is dominated by homogeneous melting and a narrow transition part where the two melting mechanisms make
comparable contributions. It allows to determine the critical temperature at which the primary melting
mechanism switches. The critical temperature increases as the mean-grain-diameter decreases following a
negative power law.
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Due to the extreme complexity of the problem, there are several limitations of the model. Firstly, our
study hasn’t considered effects of defects inside the crystals (e.g., point defects, dislocations and vacancies).
Presence of these defects would generally facilitate liquid nucleation inside the crystals and thus enhance
the contributions of homogeneous melting. The model also hasn’t taken into the boundary effects on the
accuracy of the KJMA model which, in principle, was developed for infinite medium27. In addition, the
results are confined to the Weibull grain-size distribution. Moreover, the present work only focus on isothermal
transforma- tion analysis. Isothermal transformation analysis is impor- tant for understanding melting kinetics
under ultafast heating rate. Experimentally, ultafast heating rate (1012K/s) can be achieved through shock-
wave loading and intense laser irradia- tion, which may result in superheating as high as 0.5Tm
24–26,28. Heating
rate effects, which is important for low heating rate conditions, is not involved here. However, the present
work, for the first time, combine the two most important issues (i.e., random nucleation and growth in crystal
interiors and heterogeneous melting from grain boundaries.) and can be a good starting point for further
research.
This work is supported by the National Natural Science Foundation of China (No.11772068), the Founda-
tion of LCP and the Presidential Foundation of China Academy of Engineering Physics (No.YZJJLX2017011).
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